THE PRINCIPAL EIGENVALUE OF THE oo-LAPLACIAN WITH 
THE NEUMANN BOUNDARY CONDITION 
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Abstract. We prove the existence of a principal eigenvalue associated to the 
oo-Laplacian plus lower order terms and the Neumann boundary condition in 
a bounded smooth domain. As an application we get uniqueness and existence 
results for the Neumann problem and a decay estimate for viscosity solutions 
of the Neumann evolution problem. 



1. Introduction 

In this paper we study the maximum principle, the principal eigenvalue, regu- 
larity, existence and uniqueness for viscosity solutions of the Neumann boundary 
value problem 



(1.1) 




Du + (c(x) + X)u = g(x) in £1 

on dfl, 



where is a bounded smooth domain, n (x) is the exterior normal to the domain 
at x, b, c and g are continuous functions on H, A e 1 and 

„k / ^9 Du Du , 

for u G C 2 (fl), is the 1-homogeneous version of the co-Laplacian. 

The oo-Laplacian, which arises from the optimal Lipschitz extension problem, 
see [2] , appears also in the Monge-Kantorovich mass transfer problem, see [10] , and 
recently, some authors have introduced a game theoretic interpretation of it, see 

We define and investigate the properties of the principal eigenvalue of the ope- 
rator 

-(A,,, + b{x) ■ D + c(x)), 

with the Neumann boundary condition and as an application, we get existence and 
uniqueness results for (jl.ip and a decay estimate for the solution of the associated 
evolution problem. 

In their famous work [5], Berestycki, Nirenberg and Varadhan defined the prin- 
cipal eigenvalue Ai of a general linear uniformly elliptic operator — L where 

L[u] = tr(A(x)D 2 u) + b(x) ■ Du + c(x)u, 

in a bounded domain J7, as the supremum of those A for which there exists a 
positive supersolution of L[u] + Xu = 0. In that paper, they showed that Ai is the 
first eigenvalue of L, i.e., for any eigenvalue A ^ Ai, Re (A) > Ai; moreover Ai can 
be characterized as the supremum of those A for which the operator L + XI satisfies 
the maximum principle, i.e., for any A < Ai, if u is a subsolution of L[u] + Xu = 



Key words and phrases. oo-Laplacian, Neumann boundary condition, principal eigenvalue, 
viscosity solutions. 
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and u < on <9£1 then u < in fi. They established other properties of the first 
eigenvalue, such as simplicity and stability. 

In view of its relation with the maximum and the comparison principles, the 
concept of principal eigenvalue has been extended to nonlinear operators to study 
the associated boundary value problems. That has been done for the variational 
operators, such that the p-Laplacian, through the method of minimization of the so 
called nonlinear Rayleigh quotient, see e.g. [T] and [20] ■ That method uses heavily 
the variational structure and cannot be applied to operators which have not this 
property. An important step in the study of the eigenvalue problem for general 
nonlinear operators was made by Lions in [19] . In that paper, using probabilistic 
and analytical methods, he showed the existence of principal eigenvalues for the 
uniformly elliptic Hamilton- Jacobi-Bcllman operator. Very recently, many authors, 
inspired by [5], have developed an eigenvalue theory for fully nonlinear operators 
which are non- variational. The Pucci's extremal operators have been treated by 
Quaas [23] and Busca, Esteban and Quaas [5] . Their results have been extended to 
more general fully nonlinear convex uniformly elliptic operators in |26| by Quaas 
and Sirakov. See also the work of Ishii and Yoshimura [14] for non-convex operators. 

Issues similar to those of this paper have been studied by Birindelli and Demengel 
in [7] and the author of this note in [21] where respectively the Dirichlet and the 
Neumann eigenvalue problem is treated for degenerate or singular elliptic operators 
F(x, Du, D 2 u) plus lower order terms. In these papers, among other assumptions, 
F is required to satisfied 



with a > — 1, for x € 0, p € M. N \ {0}, and M, N symmetric matrices with N > 0. 
Typical examples are given by \Du\ a M a ,A(D 2 u), a > —1, where A4 a ,A(D 2 u) is one 
of the Pucci's operator, the p-Laplacian and some non-variational generalizations 
of it. Because of its strong degeneracy, the oo-Laplacian does not satisfy (|1.3|) . so 
it is not covered by [7] or [21]. 

The existence of a principal eigenvalue defined as in [5J for the oo-Laplacian with 
the Dirichlet boundary condition has been treated by Juutinen in [T^] together 
with many other questions. We want to mention that there exists also a different 
approach to investigate the eigenvalue problem for (|1.2p which consists in studying 
the asymptotic behavior, as p — > oo, of the p-Laplacian eigenvalue equation, see [18] 
and [llj . This second method uses the variational formulation of the approximate 
problems and leads to a different limit eigenvalue problem, see [T5] . 

Following the ideas of [S], we define the principal eigenvalue as 

A := sup{A GR|3u>0on£! bounded viscosity supersolution of 

(1-4) dv 

AoqV + b(x) ■ Dv + (c(x) + X)v = in f2, — F = on dCl}. 

a n 

A is well defined since the above set is not empty; indeed, — |c|oo belongs to it, being 
v(x) = 1 a corresponding supersolution. Furthermore it is an interval because if A 
belongs to it then so does any A' < A. 

One of the scope of this work is to prove that A is an "eigenvalue" for — (Aoo + 
b(x) ■ D + c(x)) which admits a positive "eigenfunction" . As in the linear case 
it can be characterized as the supremum of those A for which A M + b(x) ■ D + 
c(x) + A with the Neumann boundary condition satisfies the maximum principle. 
As a consequence, A is the least "eigenvalue", i.e., the least number for which there 
exists a non-zero solution of 



(1.3) 



a\p\ a tYN < F(x,p,M + N) - F(x,p,M) < A\p\ a trN, 
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These results are applied to obtain existence and uniqueness for the boundary value 
problem p.ip . 

Remark that since Aoo(— u) = — AqoU, A can be defined also in the following 
way 

A = sup{A GR|3ti<0onO bounded viscosity subsolution of 

(I- 5 ) du 

AooU + b(x) ■ Du + (c(x) + X)u = in tt, — > = on 90}. 

o n 

For a fully nonlinear operator, A defined as in (|1.4|) may be different from the 
quantity defined as in (|1.5|) . see [2"2"j . 

The paper is organized as follows. In the next section we give assumptions and 
precise the concept of solution adopted. In Section 3 we establish a Lipschitz regu- 
larity result for viscosity solutions of Section 4 is devoted to the maximum 
principle for subsolutions of In Section 4.1 we show that it holds (even for 
more general boundary conditions) for Aqo + b(x) ■ D + c(x) if c(x) < and c ^ 0, 
see Theorem 14. 41 One of the main result of the paper is that the maximum principle 
holds for Aqo + b{x) ■ D + c(x) + A for any A < A, as we show in Theorem 14.81 of 
Section 4.2. In particular it holds for Aqo + b(x) ■ D + c(x) if A > 0. Following 
the example given in |21j we show that the result of Theorem 14.81 is stronger than 
that of Theorem 14.41 i.e., that there exist some functions c(x) changing sign in fl 
for which the principal eigenvalue of + b{x) ■ D + c(x) is positive and then for 
which the maximum principle holds. 

In Section 5 we show some existence and comparison theorems. In particular, we 
prove that the Neumann problem (jl.ip is solvable for any right-hand side if A < A. 

Finally, in Section 6 we prove a decay estimate for solutions of the Neumann 
evolution problem. 

2. Assumptions and definitions 

We denote by S(N) the space of symmetric matrices on R N equipped with the 
usual ordering and we fix the norm \\X\\ in S(N) by setting ||AT|| = sup{|Af£| |£ e 
l", |£| < 1} = sup{|A| : A is an eigenvalue of X}. 

Let a : WL N — > S(N) be the function defined by 

a{p) = w 

The oo-Laplacian can be written as 

AooW = tr{a(Du)D 2 u), 

for any u £ C 2 (£l). 

It easy to check that a has the following properties: 

• a(p) is homogeneous of order 0, i.e., for any a S M and p S 

a(ap) = a(p); 

• For all pel N 

< a(p) < I, 
where I is the identity matrix in R w ; 

• a(p) is idempotent, i.e., 

Hp)) 2 - *(p); 



• For any p E R N \ {0} and p E R n with \p \ < M 

,bol 2 



(2.1) tr[(<j(p + p )-a(p)) 2 ] < 
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The domain fl is supposed to be bounded and of class C 2 . In particular, it 
satisfies the interior sphere condition and the uniform exterior sphere condition, 
i.e. 

(01) For each x G dCl there exist R > and y E ft for which \x — y\ = R and 
B(y,R)cCl. 

(fl2) There exists r > such that B(x + rlt(x),r) n ft = for any x £ 
From the property (f22) it follows that 

(2.2) (y - x, ~n(x)) < — \y - x\ 2 for x 6 dVl and y G H. 

2r 

Moreover, the C 2 -regularity of £1 implies the existence of a neighborhood of dfl in 
£1 on which the distance from the boundary 



is of class C 2 . We still denote by d a C 2 extension of the distance function to the 
whole CI. Without loss of generality we can assume that \Dd(x)\ < 1 on ft. 

We adopt the notion of viscosity solution for (jl.lj) given in for singular elliptic 
operators, in which is required to test only with test functions which have gradient 
different from zero. 

We denote by USC'(fl) the set of upper semicontinuous functions on Vt and by 
LSC(Cl) the set of lower semicontinuous functions on fl. Let g : SI — > R and 
B : dfl xR x R N — > R. 

Definition 2.1. Any function u £ USC(Cl) (resp., u € LSC(fl)) is called viscosity 
subsolution (resp., supersolutionj of 



(resp., minimum) at xq and D(p(xo) ^ 0, one has 
(-Aoo^xo) - b(x Q ) ■ D(p(x ) - c(x )u(x ) + g(x )) A B(x ,u(x ), D(p(x )) < 
(resp., 

(-A 00 ^(a;o) - b(x ) ■ Dip(x ) - c(x )u(x ) + g(x )) V B(x , u(x ), Dtp(x )) > 0). 
If u = k =const. in a neighborhood of xq in ft, then 



It is possible to define sub and supersolutions of the oo-Laplace equation also 
using the semicontinous extensions of the function (p, X) — > tr(a(p)X) as done in 
[IB] and [17] . In definition 12.11 it is remarkable that nothing is required in the case 
Dtp(xo) — if u is not constant. 

For a detailed presentation of the theory of viscosity solutions and of the boun- 
dary conditions in the viscosity sense, we refer the reader to e.g. [S]. 



d(x) := inf{|x — y\, y G dft}, x£fl 




(-c{x )k + g(x )) A B(x , k, 0) < 



(resp., 



(-c(x )k + g(x )) V B(x , k, 0) > 0). 
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We call strong viscosity subsolutions (resp., supcrsolutions) the viscosity subso- 
lutions (resp., supcrsolutions) that satisfy B(x, u, Du) < (resp., >) in the viscosity 
sense for all x £ dn. If A — > B(x, r,p — Alt) is non-increasing in A > 0, then clas- 
sical subsolutions (resp., supersolutions) are strong viscosity subsolutions (resp., 
supersolutions), see [9] Proposition 7.2. 

In the above definition the test functions can be substituted by the elements of 

2 + 2 — 

the semijets J ' u(xq) when u is a subsolution and J ' u(xq) when u is a super- 
solution, see [3]. 

3. LlPSCHITZ CONTINUITY OF VISCOSITY SOLUTIONS 

It is known that the oo-harmonic functions, i.e., the solution of A^u = are 
locally Lipschitz continuous, see e.g. We now show the Lipschitz regularity in 
the whole O of the solutions of the Neumann problem associated to the oo-Laplacian 
plus lower order terms. 

Theorem 3.1. Assume that n is a bounded domain of class C 2 and that b, c, g 
are bounded in O. If u € C(f2) is a viscosity solution of 

{AqqU + b(x) ■ Du + c{x)u = g(x) in n 
M = on dn, 

then 

\u(x) - u(y)\ < C \x - y\ Vx,yefi, 
where Cq depends on Q, N, 6|oo, |c|oo, |<?|oo, ond |m|oo- 

The Theorem is an immediate consequence of the next lemma, the proof of 
which, though following the line of Proposition III. 1 of [13], introduces new test 
functions that, in particular, depend on the distance function d(x). 

The lemma will be used also in the proof of Theorem 14.81 in the next section. 

Lemma 3.2. Assume the hypothesis of Theorem \3.1\ and suppose that g and h are 
bounded functions. Let u £ USC(Q) be a viscosity subsolution of 

{Aooti + b(x) ■ Du + c{x)u — g{x) in 51 
M = on on, 

a n 

and v £ LSC(fl) a viscosity supersolution of 

{Aooi; + b(x) ■ Dv + c(x)v — h(x) in il 
-pr = on dfl, 

with u and v bounded, or v > and bounded. If m — maxjy(w — v) > 0, then there 
exists Cq > such that 

(3.1) u{x) — v{y) < m + Cq\x — y\ \fx, y G O, 

where C depends on Q, N, \b\oc, |c|oo, Igloo, \h\oo, \v\oo, m and |u|oo or sup^-u. 
Proof. We set 

$(x) = MK\x\ - M(K\x\) 2 , 

and 

(f(x, y)=m + e - L ( d ^)+ d (y))^( x - y) } 

where L is a fixed number greater than 2/(3r) with r the radius in the condition 
(02) and where K and M are two positive constants to be chosen later. If K\x\ < j, 
then 

(3.2) $(x) > ^MK\x\. 
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We define 

A K := {{x,y) €R N xR N \\x-y\<± 
We fix M such that 

(3.3) max(w(i) - v(yj) <m + e~ 2Ld °^-, 

where do = max ie jj d(x). To prove (|3.ip it is enough to show that taking K large 
enough, one has 

tt2 



u 



{x) - v(y) - <p(x, y) < for (x, y) £ A K n f2 



2 

Suppose by contradiction that for each K there is some point (x,y) 6 PI f2 
such that 

— — ip(x,y) = max (u(x) — v{y) — ip{x,y)) > 0. 
A K nn 2 

Here we have dropped the dependence of x, y on K for simplicity of notations. 

Observe that if v > 0, since from (j3.2p <5>(x — y) is non-negative in A/f and 
rn > 0, one has u(x) > 0. 

2 

Clearly x ^ y. Moreover the point (x,y) belongs to int(Ax) H f2 . Indeed, if 
I s — y \ = iK ' ^ (|3.3p and (13. 2j) we have 

u(a:) < m + e- 2L<io — < m + e~ L ^ +d ^-MK\x - y\ < <p(x,y). 

8 2 

Since x ^y we can compute the derivatives of tp at (x, y) obtaining 

D x <p(x,y) = e- L ^ +d ^MK^-L\x-y\(l-K\x-y\)Dd(x) 

\x-y\) 

D y tp{x, y) = e - L{d ^ +d ^MK{ - L\x - y\{l - K\x - y\)Dd(y) 

_(l-2K|x-y|)fc§}. 

\x-y\i 

Observe that for large K 

(3.4) 0<e- L ^ +d ^MK(^-L\x-y\^ < \D x <p(x,y)\, lAf^fo y)\ < 2MK, 

Using ()2.2p , if x S c?il we have 

(D x (p(x,y),Ji(x)) 

= e~ Ld ^ M K \ L\x -y\(l- K\x - y\) + (1 - 2^|x - yiv fezj) r?0r))} 
L \x-y\ ) 

> e -^CS)MA-{|L|5-y| - (1 - 2iT|x - 

> -e-^MKIx - y| f -i - - 



>0, 

since x ^y and L > 2/ (3r) . Similarly, if y € Oil 

<-!>„¥>(*, y),!?(y)> < ie- id ^MK|x-y| (--£ + -) <o. 
In view of definition of sub and supersolution, we conclude that 

2 -|- 

tr(a(D x (p(x,y))X)+b(x)-D x ip(x,y)+c(x)u(x) > g(x) if (D x ip(x,y), X) e J ' 
tr(a(Z> !/¥ j(x,l/))y)-6(l/)-£>j / ^(x ! y)+c(y)u(l/) < h(y) if (-D y (p(x,y),Y) eJ 2 '~v(y). 
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Then the previous inequalities holds for any maximum point (x,y) € Ak fl 2 , 
provided K is large enough. 

Since (x,y) € intA/f H f2 2 , it is a local maximum of u(x) — v(y) — tp(x, y) in Q 2 . 
Applying Theorem 3.2 in [9], for every e > there exist X, Y 6 S(7V) such that 
(D x <p(x,y),X) eJ 2 '+u(x), (-D v <p(x,y),Y) el 2 ^v{y) and 

(3.5) _° y )<i) 2 (^5)) + ^(KM))) 2 . 

Now we want to estimate the matrix on the right-hand side of the last inequality. 
D 2 ip(x,y) = <f>(x- y)D 2 (e- L ^ +d ^) + D( e - L W +d ®») ® D(<f>(x -y)) 
+ D($(x - y)) <g> D( e - L ( d ^+ rf ®)) + e - L ^ +d ®)£> 2 ($(3f - y)). 

We set 

Ai := ${x -y)D 2 {e- L( - d ^ +d( -y»), 
A 2 := D{e- L{ - d ^ +d ^) ® Z3($(af - y)) + D{$(x - y)) ® £)(e~ L(d(3r)+d(17)) ), 
A 3 := e - L ^ +<, ^D 2 (#(S-i/)). 

Observe that 

' I 



(3.6) A x < CK\x - y\ 



I 



Here and henceforth C denotes various positive constants independent of K . 
For A 2 we have the following estimate 

(3.7) A 2 <CK^ ^ )+ CK ( -I ~f 

Indeed for £, r\ 6 we compute 

(A 2 (£, 77), (£, ?7 )) = 2ie- L ( d ^ +d ^){( J Dd(x) ® - f )fa - 0, 

+ (Dd(y) ® £4>(* - y)(tj - £),»/)} < CJf(|e| + \V\)\V - £1 

Now we consider A 3 . The matrix D 2 (&(x — y)) has the form 



D 2 {$>{x-y)) 



D 2 $(x-y) -D 2 ${x-y) 



-D 2 <S>(x-y) D 2 <I>(x-y) 
and the Hessian matrix of <I>(x) is 

(3.8) D 2 *(x) = ^(l-^)-2MK*I. 



If we choose 

\x-y\ 



( 3 - 9 ) e 2MKe- L W s )+ d (v)) ' 

then we have the following estimates 

eA\ < CK\x - y\ 3 I 2N , eA 2 2 < CK\x - y\I 2N , 

(3.10) e{A x A 2 + A 2 Ai) < CK\x - y\ 2 I 2N , 

e(AiA 3 + A3A1) < CK\x - y|7 2 jv, e(A 2 A 3 + A 3 A 2 ) < CKI 2N , 

where I 2 n '■= ( T ) ■ Then using (|3.6p , (|3.7[) , (|3.10p and observing that 



7 

!/)-;<!>(* -y))) 



2 ^,_ _^ 2 _, 2{D 2 <S>{x-y)) 2 -2{D 2 <S>{x-y)) 2 
-2{D 2 <5>(x-y)) 2 2{D 2 <5>{x-y)) 2 
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from p.5p we conclude that 



X 
-Y 



I 
/ 



where 



< 0(K) 

D 2 <I>(x - y) 



B -B 
-B B 



B = CKI + e ~ L ( d (' s )+ d (y)) 
The last inequality can be rewritten as follows 

< 



\x - y\ 
MK 



(D 2 $(x-y)) 2 



X 0^ 
-Y 



B -B 
-B B 



with X = X - 0{K)I and Y = Y + 0{K)I. Multiplying on the left the previous 
inequality by the non-negative symmetric matrix 

a(D x ip(x,y)) 

<r(D y ip(x,y)) 

and taking traces we get 

tT(a(D xl p{x,y))X)-tx(a(D y ip(x,y))Y) <tx(a(D x p(x,y))B) + tr(a(D y <p(x,y))B). 

We want to get a good estimate for the matrix on the right-hand side above. For 
that aim let 

< p . = {x-y)®{x- y) < I 
\x-y\ 2 

and let us compute tr(PB). From (|3.8p . since the matrix (l/\x\ 2 )x®x is idempotent, 
we get 

M 2 K 2 



{D 2 <5>{x)Y 



-(l-4K\x\) / 



X 59 X 



AM 2 K 4 I 



Then, using that trP = 1 and 4K\x — y\ < 1, we have 

tr(PS) = CK + e -LWx)+d(y))(_2MK 2 + 4MK 3 \x - y\) 
<CK- e -L(d(x)+d( V )) MK 2 < ^CK 2 , 

for large K. The vector D x cp(x,y) can be written in the following way 

D x <p{x,y) = e-^^+^MKiv, + v 2 ), 

where 

vi = -L\x-y\{l-K\x-y\)Dd{x), v 2 = (1 - IK \x - y\) |j^|p 



and so 



a(D x ip(x,y)) 



\V1 + «2p 



vi (g> v 2 + v 2 (g Vi 
\vi + v 2 \ 2 



v 2 ® v 2 
\vi+v 2 \ 2 



Since K\x — y\ < 4, for large K we have 



7 = ^ _ 7 < l w 2 1 - K I < K + w 2 < |«i | + \v 2 1 < 2, 



and 



Then 



\B\\ < 



CK 



tr 



tr 



t>i ® f i 



B 



\vi + w 2 |2 

Vi (g> V 2 + W2 <B> ^1 

ki + W2I 2 



<C|x-y| 2 ||B|| <CK\x-y\, 



B 



<C\x-y\\\B\\<CK 
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and 



tr 



( 



\vi + v 2 \ 2 



V 2 ® V 2 



B 



) 



\vi +v 2 \ 2 



1 



tv(PB) < -CK 2 . 



In conclusion 



tr(a(D x <p(x,y)B)) < O(K) - CK 2 . 



The same estimate holds for tr(a(D y ip(x,y))B). Hence, from p. lip we conclude 
that 



Now, using the previous estimate, the definition of X and Y and the fact that u 
and v are respectively sub and supersolution we compute 



g(x) — c(x)u{x) < tv(o~{D x Lp)X) + b(x) ■ D x tp 

< tr(a(D x tp)X) + 0{K) + b{x) ■ D x tp 

< tr(a(D y <p)Y) + O(K) - CK 2 + b(x) ■ D x tp 

< b(y) ■ D y ip - c(y)v{y) + h{y) + O(K) - CK 2 + b(x) ■ D x <p. 
From this inequalities, using (|3 .4[) we get 

g(x) - h(y) - c(x)u(x) + c(y)v(y) < Q{K) - CK 2 . 



If both u and v are bounded, then the member on the left-hand side of the last 
inequality is bounded from below by — |<?|oo — Hoo — |c|oo(Moo + Moo)- Otherwise, 
if v is non-negative and bounded, then u(x) > and that quantity is greater than 
— \g\oo — \h\oo — |c|oo(supu + Hoo)- On the other hand, the member on the right- 
hand side goes to — oo as K — > +oo, hence taking K large enough we obtain a 
contradiction and this concludes the proof. □ 

Remark 3.3. If u is a subsolution of A OQ u + b(x) ■ Du + c(x)u = g, v is a supersolu- 
tion of AqoU + b(x) ■ Dv + c(x)v — h in Q, u < v on dfl and m > then the estimate 
(|3TTT) still holds for any x, y G fl. To prove this define ip = m + MK\x\ - M(K\x\) 2 
and follow the proof of Lemma 13.21 

Since the Lipschitz estimate depends only on the bounds of the solution of g 
and on the structural constants, an immediate consequence of Theorem 13. II is the 
following compactness criterion that will be useful in the next sections. 

Corollary 3.4. Assume the hypothesis of Theorem \ 3.1\ on f2, F and b. Suppose 
that (g n ) n is a sequence of continuous and uniformly bounded functions and (u n ) n 
is a sequence of uniformly bounded viscosity solutions of 



Then the sequence (u n ) n is relatively compact in C(Q). 

4. The Maximum Principle and the principal eigenvalues 

We say that the operator A ao +b(x)-D+c(x) with the Neumann boundary condition 
satisfies the maximum principle if whenever u £ USC(fl) is a viscosity subsolution 



then u < on fl. 

We first prove that the maximum principle holds under the classical assumption 
c < 0, also for domain which are not of class C 2 and with more general boundary 
conditions. Then we show that the operator Aoo + b(x) ■ D + c(x) + A with the 



tx{a{D x ip{x,y)X) - tx{a{D v ip{x,y)Y) < O(K) - CK 2 . 




of 
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Neumann boundary condition satisfies the maximum principle for any A < A. This 
is the best result that one can expect, indeed, as we will see, A admits a positive 
eigenfunction which provides a counterexample to the maximum principle for A > A. 

Finally, we give an example of class of functions c(x) which change sign in Q and 
such that the associated principal eigenvalue A is positive. 

4.1. The case c(x) < 0. In this subsection we assume that f2 is of class C 1 and 
satisfies the interior sphere condition (01). We need the comparison principle 
between sub and supersolutions of the Dirichlet problem when c < in fl. This 
result is known for the operator A^u + b(x) ■ Du + c(x)u when b is Lipschitz 
continuous or b satisfies (b(x) — b(y),x — y) < 0, see e.g. [S]- Actually we can 
remove these conditions. 

Theorem 4.1. Let O be bounded. Assume that b, c and g are continuous and 
bounded in O and c < on O. If u € USC(Q) and v € LSC(Cl) are respectively 
sub and super solution of 

Aqo it + b(x) ■ Du + c(x)u — g(x) in ft, 

and u < v on 90 then u < v in Q. 

For convenience of the reader the proof of the theorem will be sketched at the 
end of the next subsection. 

The previous comparison result allows us to establish the strong minimum and 
maximum principles, for sub and supersolutions of the Neumann problem even with 
the following more general boundary condition 

f(x,u) + ^ = o xedn, 

o n 

for some / : dfl x K -> M. 

Proposition 4.2. Let fl be a C 1 domain satisfying (fll). Suppose that b and c are 
bounded and continuous in Q and that f(x,0) < for all x G dQ. If v £ LSC(Q) 
is a non-negative viscosity supersolution of 



(4.1) 



I AooD + b(x) ■ Dv + c(x)v — in fl 
\f(x,v) + ^ = on dfl, 

then either v = or v > on fl. 

Proof. Since v is non-negative, it is supersolution in Q of the equation 
(4.2) A oc v + b(x) ■ Dv - \c\oov = 0. 

Without loss of generality we can assume |c|oo > 0. Suppose by contradiction that 
v ^ vanishes somewhere in 17. Then we can find ii,io £i] and R > such that 
B(xi, |i2) C 0, v > in B(xi,R), \xi — xq\ = R and v(xq) = 0. Let us construct 
a subsolution of (|4.2p in the annulus -j < \x — x\ \ = r < 

Let us consider the function <j){x) — e~ kr — e~ kR , where A: is a positive constant 
to be determined. It easy to see that for radial functions g(x) — <p{r), A oa g(x) — 
if (r). Then 

+ b(x) ■ Dc/> - |c|oo0 - k 2 e- kr - ke- kr b(x) ■ ^-A _ ^{e'^ - e - kR ) 

r 

>er kr (k 2 - |6|oofc - l c |oo) • 



Take k such that 



fc - \b\ook - \c\oo > 0, 
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then <j> is a strict subsolution of the equation (|4.2p . Now choose m > such that 

m(e- k % - e- kR ) = Vl := inf| !c _ xi | = « u(x) > 0, 

and define iu(x) = m(e~ kr — e~ kR ). By homogeneity iu is still a subsolution of 
(|4.2p in the annulus -j < |x — xi < §i?, moreover w = i>i < v if |x — x\ \ = 9- and 
w < < w if x — xi — Then by the comparison principle, Theorem l4.U w < v 
in the entire annulus. 

Since v(xo) — w(xq) — 0, w is a test function for t> at x$ with Dw(xq) ^ 0. But 

A oc u)(a;o) + b( x o) ■ Dw(x ) - \c\oov(x ) > 0, 

and this contradicts the definition of v. Then v > in Q. 

Now suppose by contradiction that xq is some point in <9f2 on which v(xq) = 0. 
The interior sphere condition (ill) implies that there exist R > and y G O 
such that the ball centered in y and of radius R, B(y,R), is contained in f2 and 
xo G dB(y, R). Fixed < p < R, as before the function w(x) — m(e~ kr — e~ kR ) is 
a strict subsolution of (|4.2[) in the annulus p< |x — y| = r < R, where m is such 
that m{e~ kp — e~ kR ) = vi := m£\ x _ y \= p v(x) > 0. Since id < t on the boundary 
of the annulus then again by the comparison principle, Theorem 14.1) w < v in the 
entire annulus. 

Now let d be a positive number smaller than R — p. In B(xq, 8) D O still w < v, 
since for |x — y| > i?, u> < < u; moreover w(xq) = u(xq) = 0. Then w is a test 
function for v at xq. But 

Aoow(xo) + 6(x ) • Dw(x ) ~ |c|oo«(xo) > 0, 

and 

/(x ,u(x )) + q=>(xo) = f(x , 0) - kme- kR < 0. 

This contradicts the definition of v. Finally v cannot be zero on fl. □ 

Similarly we can prove 

Proposition 4.3. Let fl be a C 1 domain satisfying (fll). Assume that b and c are 
bounded and continuous in f2 and that /(x, 0) > for all x G dQ. If u S USC(fl) 
is a non-positive viscosity subsolution of (14. ip then either u = or u < on fl. 

For x G dtt, let us introduce S(x), the symmetric operator corresponding to the 
second fundamental form of dfl in x oriented with the exterior normal to fl. 

Theorem 4.4 (Maximum Principle for c < 0). Assume the hypothesis of Proposi- 
tion \4-3\ In addition suppose that fl is bounded, c < 0, c ^ and r — > f(x,r) is 
non- decreasing on R. If u £ USC(Q) is a viscosity subsolution of (|4.1[) £/ien u < 
on f2. TTie same conclusion holds also if c = m £fte following two cases 

(i) fl is a C 2 domain and for any r > £/iere exists x G <9£! swc/i that /(x, r) > 
0, S(x) < and (6(x), ~n{x)) > 0; 

(ii) max^gao f(x,r) > /or any r > and u is a strong subsolution. 

Proof. Let u be a subsolution of (|4.1[l and c ^ 0. First let us suppose u = k =const. 
By definition 

c(x)fc > in O, 

which implies k < 0. 

Now we assume that u is not a constant. We argue by contradiction; suppose 
that maxjyu = u(xq) > 0, for some xo G f2. Define u(x) := u(x) — u(xq). Since 
c < and / is non-decreasing, u is a non-positive subsolution of (|4.ip . Then, 
from Proposition 14.31 either u = u(xo) or u < u(xo) on f2. In both cases we get a 
contradiction. 
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Let us turn to the case c = 0. We have to prove that u cannot be a positive 
constant. Suppose by contradiction that u = k. Suppose that fl is a C 2 domain and 
let x £ dQbe such that S(x) < 0, (b(x), ~n(x)) > and f(x, k) > 0. In general, if 4> 
is a C 2 function, iGffl and < 0, then (£></>(x) - Xn {x) , D 2 4>{x)) € J 2 ' + (j)(x), 
for A > (see [5] Remark 2.7). Hence {-Xn(x),0) £ J 2 >+u(x). But 

f(x, k) - \{Jt(W),~rt(W)) = f(x, k) - A > 0, 

for A > small enough, and 

-X(b(x),lt(x)) < 0. 

This contradicts the definition of u. 

Finally if it is a strong subsolution, u = k > and f(x, k) > for some x £ dil, 
then the boundary condition is not satisfied at x for p = 0. □ 



Remark 4.5. Under the same assumptions of Theorem 14.41 but now with / sa- 
tisfying f(x,0) < for all x £ dft and with f(x,r) < for r < in (i) and 
min^gao /(x, r) < for r < in (ii), using Proposition 14.21 we can prove the 
minimum principle, i.e., if u S LSC(Q,) is a viscosity supersolution of (|4.1|) then 
it > on 17. 

Remark 4.6. C 2 convex sets satisfy the condition S < in every point of the 
boundary. 

Remark 4.7. If c = and / = a counterexample to the maximum principle is 
given by the positive constants. 

4.2. The threshold for the Maximum Principle. In this subsection and in the 
rest of the paper we always assume that ft is bounded and of class C 2 and that b 
and c are continuous on 17. 

Theorem 4.8 (Maximum Principle for A < A). Let A < A and let u € USC(fl) be 
a viscosity subsolution of 

{AooU + b(x) ■ Du + (c(x) + X)u = in ft 
7= = on oil, 

on 

then u < on Q. 

Corollary 4.9. The quantity A is finite. 

Proof. It suffices to observe that A < |c|oo, since when the zero order coefficient 
is c(x) + \c\oo the maximum principle does not hold. A counterexample is given by 
the positive constants. □ 



In the proof of Theorem 14.81 wc need the following result which is an adaptation 
of Lemma 1 of [7] for supersolutions of the Neumann boundary value problem. 

Lemma 4.10. Let v S LSC(p.) be a viscosity supersolution of 

AooV + b(x) ■ Dv — P(v(x)) — g(x) in ft 
dv 

—= > =0 on dfl, 

. O n 

for some functions g,0 £ USC(Q,). Suppose that x £ Q is a strict local minimum 
of v(x) + C\x — x\ q e~ kd ( x \ k > 4-, where r is the radius in the condition (0,2) and 
q > 2. Moreover suppose that v is not locally constant around x. Then 

-(3(v(xj) < g(x). 
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Remark 4.11. Similarly, if (3, g G LSC(fl), u G USC(il) is a supersolution, x is a 
strict local maximum of u(x) — C\x — x\ q e~ kd ^ x \ k > q > 2 and u is not locally 
constant around x, it can be proved that 

-(3{u{x)) > g{x). 

Proof of Theorem 14.81 Let r g]A, A[, then by definition there exists v > on ft 
bounded viscosity supersolution of 

{AooW + b(x) ■ Dv + (c(x) + t)v = in ft 
-=y = on oil. 

On 

We argue by contradiction and suppose that u has a positive maximum in ft. 
As in [7J, we define 7' :— sup^(u/v) > and w — jv, with 7 G (0,7') to be 
determined. By homogeneity, w is still a supersolution of (|4.4p . Let y G ft be such 
that u(y)/v(y) — 7'. Since u(y) — w(y) — (7' — 7)v(y) > 0, the supremum of u — w 
is strictly positive, then by upper semicontinuity there exists x G ft such that 

u(x) — w(x) = max(u — w) = m > 0. 
o 

Clearly > > 0, moreover u(x) < ^'v(x) = ^w(x), from which 

(4.5) w(x) > —u{x). 

7 

Fix q > 2 and k > q/ (2r), where r is the radius in the condition (ft2), and define 
for j G N the functions <\> G C 2 (ft x ft) and V £ USC(H x ft) by 

^(1, y) = -\x- y \i e - k ^ +d ^\ i>(x, y) = u(x) - w(y) - <f>(x, y). 

Let (xj,yj) G ft x ft be a maximum point of ip, then m = ijj(x,x) < u(xj) — w(yj) — 
4>{xj, yj), from which 

(4.6) i\xj - y 3 \ q < {u{ Xj ) - w{y.j) - m )e Hd{x i )+d{y > ]) < ^ 

where C is independent of j. The last relation implies that, up to subsequence, Xj 
and yj converge to some z G ft as j ' — » +00. Classical arguments show that 

J — — 

lim — yj\ q — 0, lim u(xj) = u(z), lim w(yj) — w(z), 

j — >+oo q ' j — >+oo j — >+oc 

and 

u(z) — w(~z) = m. 

Claim 1 For j large enough, there exist Xj and yj such that (xj,yj) is a maxi- 
mum point of ip and Xj 7^ yj . 
Indeed if Xj = yj we have 

ll>(Xj,x) = u(Xj) - W(X) - 3 -\x - Xi \1 e -Hd(^)+d(x)) < ^ Xj)Xj ) = u ( x .) _ w ( Xj ^ 

and 

1/>(X,X S ) = U{x) - w(Xj) - 3 -\x - X] \1 e ~ kWx)+d{x ^ < ^{Xj, Xj ) = u(Xj) - w{Xj). 

Then Xj is a minimum point for 

W(x) := w(x) + i e - kd( - x ^\x - xA q e~ kd[x \ 
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and a maximum point for 

U(x) := u(x) - J - e ~ kdix ^\x - Xl \ q e- kd(x \ 

We first exclude that Xj is both a strict local minimum and a strict local maximum. 
Indeed in that case, if u and w are not locally constant around Xj, by Lemma 14.101 

(c(xj) + t)w{x 3 ) < (c(Xj) + X)u(xj). 

The same result holds if u or w are locally constant by definition of sub and su- 
persolution. The last inequality leads to a contradiction, as we will see at the end 
of the proof. Hence Xj cannot be both a strict local minimum and a strict local 
maximum. In the first case there exist 8 > and R > 5 such that 

w(xj) = min (w(x) + 3 -\x - Xj \ie' kWx ^ +d ^A 
&<\x-xj\<R V q J 

= w( yj ) + J -\ yj - Xj |9 e - fe ( d (^)+ d te)), 

for some yj ^ Xj, so that (xj, yj) is still a maximum point for tp. In the other case, 
similarly, one can replace xj by a point yj ^ xj such that (yj , Xj ) is a maximum 
for tp. This concludes the Claim 1. 

Now computing the derivatives of <f> we get 

D x (f>(x, y) =j\x- y \i- 2 e - k[ - d{x)+d{v) \x -y)- k J -\x - y\ q e - kWx)+d[y)) Dd{x), 
and 

D y 4>{x,y) = -j\x - y\i- 2 e - k{d ^ +d ^\x - y) - k J -\x - y\ q e- k{d ^ +d ^ Dd{y). 

Denote pj :— D x 4>(xj,y 3 ) and rj := —D y tfi(xj,yj). Since Xj ^ yj, pj and rj are 
different from for j large enough. Indeed 

(4-7) < 3 -\xj - yjl^e- 2 ^ < \ Pj \, \r 3 \ < 2j\x 3 - yj \"-\ 

for large j, where do = max^d(x). Using (|2.2|l . if Xj G dft then 

{Pj, rt(xj)) > j\ Xj ~ yj \ q e- kd ^ f-i + ^>0, 

and if yj G dfl then 

(rj, 7%)> < j\xj - yj \" e- kd ^ " |) < 0, 

since k > q/(2r) and Xj ^ yj. In view of definition of sub and supersolution we 
conclude that 

ti[a(pj)X) + b(xj) -pj + (c(xj) + X)u(xj) > if (pj,X) G J 2 ' + u(xj), 

tr(a(r 3 )Y) + b( Vj ) ■ r 3 + (c(|y) + r)w( yj ) < if (r,-, K) G J 2 '~w(%). 
Applying Theorem 3.2 of [H] for any e > there exist Xj,Yj G S(N) such that 
(pj,Xj) G J 2 ' + u(a; i ), (r 3 ,y 3 ) G J 2 ' w(yj) and 

(4.8) 
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Claim 2 X 3 and Yj satisfy 

where Q = Cj\xj — yj\ q ~ 2 , for some positive constant C independent of j and some 
matrices Xj, Yj — 0(j\xj — Uj\ q )- 

To prove the claim we need to estimate D 2 (f)(xj,y 3 ). 

D 2 4>(Xj,yj) = Ifa - y j \iD 2 (e- kWx * )+d ( y * )) ) + D( e - fc (d(^)+dfe))) g, J -D(\x 3 - y 3 \ q ) 
+ 3 ~D(\xj - y 3 \ q ) ® D(e- k( - d ^ +d( - v ^) + e - k{d{x ^ +d ^ ))] -D 2 {\x 3 - yj \«). 

We denote 

Ai := i\x j -y j \ q D 2 (e- k ^ x ^ +d ^), 

A 2 := De-feW^H^fe)) g, J -D(\x 3 - y 3 \ q ) + J -D(\x 3 - Vj \ q ) ® D{e~ k ^ x ^ +d ^), 

A 3 := er kid{x ^ +d(y ^ J -D 2 (\x 3 - yA q ). 
For A\ and A3 we have 



M < Cj\xj - y 3 \ 



I 
/ 



A,<{ q -l) 3 \x 3 - y] \ q - 2 ^ _ 7 7 / 



Here and henceforth, as usual, the letter C denotes various constants independent 
of j. Now we consider the quantity (A 2 (£,,r]), (£,??)) for £, n 6 E^. We have 

(A a (& ry), (£, r?)) = 2fcj|x, - % |«-2 e -*W"*)+«»Cw>) [(Dd(x 3 ) ® ( Xj - Vj )(r, - 0,0 

+ (Dd(»i)(8(a: i -tf J )(»j-f) > »7>] 

< C [j\ Xj - y 3 \ q ~ 2 |£ - r?| 2 + j\ Xj y 3 \ q (\e + M')] 
The last inequality can be rewritten equivalently in this way 

A 2 < Cj\x 3 - y 3 \ q - 2 ( "/ ) + Cj\x 3 - ( J J 

Finally if we choose 



we get the same estimates for the matrix e(D 2 4>(xj,yj)) 2 . In conclusion we have 



D 2 4>{x 3 ,y 3 ) + e(D 2 t(x 3 ,y 3 )) 2 < Cj\x 3 - y 3 \ q - 2 



I -I 
-I I 



and (t^THj) implies ijO]) . The Claim 2 is proved. 
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Now, multiplying the inequality (|4.9p on the left for the non-negative symmetric 
matrix 

c-OiMa) 0"(PjM r j) \ = ( a M <7 (Pj) <7 ( r j) 
<r(rj)<r{Pj) v{r 3 )a{r 3 ) J \ (x(rj)a(pj) a(r 3 ) 

taking traces and using (|2.ip and (|4.7p . we get 



triafaXXj - X 3 )) - tr(a(r 3 )(Y 3 -Y 3 )) < CMHp 3 ) ~ "fa)) 2 ] < ^\ Pj - / |2 



< r j\xj-yj\ q 2 j 2 \x 3 -y 3 \ 2q 
= Cj\xj - y 3 \ q . 

Now using that u and w are respectively sub and supersolution we compute 
— (A + c{xj))u{x 3 ) < tr(a(pj)Xj) + b(xj) ■ pj 

< H*(Pj)( x j - %)) + b( Xj ) - Pj + (j\x 3 - V j\ q ) 

< tr(<j(r 3 )(Y 3 - %)) + b( Xj ) -p 3 +0 (j\ Xj - y 3 \ q ) 

< -(r + c(y 3 ))w(y 3 ) + b(x 3 ) ■ p 3 - b(y 3 ) ■ r 3 + O (j\x 3 - y 3 \ q ) . 

The quantity b{x 3 ) -p 3 — b{y 3 ) ■ r 3 goes to as j : ^ +00. Indeed, since m > and w 
is positive and bounded, the estimate (|3.ip of Lemma RQ1 holds for u and w; using 
it in (|4.6|) and dividing by \x 3 — y 3 \ 7^ we obtain 

J -\x 3 - y^ 1 < C e kWx ^ +d ^ )) < C. 

Then by (|4.7[) we conclude that the sequences {p 3 } and {r 3 } are bounded, so that, 
since in addition \p 3 — Tj\ < Cj\x 3 — y 3 \ q — > as j — > +00, up to subsequence 
Pj,rj -> po as j -> +00. 

Hence, sending j +00 we obtain 

-(A + c(z))u{z) < -(r + c(z))w(z). 

If t + c(z) > 0, using (|4.5|) we get 

-(A + c(z))w(z) < -(r + c(z))^-w(z), 

7 

and taking 7 sufficiently close to 7 in order that > l c |oo, we obtain a con- 

tradiction. Finally if r + c(z) < we have 

-(A + c{z))u{z) < -(t + c(z))iu(z) < -(r + c(z))u(z), 

once more a contradiction since A < r. □ 

Proof of Lemma 14.101 Without loss of generality we can assume that x = 0. 
Since the minimum is strict there exists a small 5 > such that 

u(0) < u(» + C|x| 9 e~ fcd(;r) for any x 6 H, < |x| < 5. 

Since v is not locally constant and q > 1 for any n > 5~ 1 there exists (t n ,z n ) 6 
5(0, i) 2 nfi 2 such that 

v{t n ) > v(z n )+C\z n -t n \ q e~ kd ^l 

Consequently, for n > <5 _1 the minimum of the function v(x) + C\x — t n \ q e^ kd ^ in 
B(0, 6) ("I fi is not achieved on t„. Indeed 

min + C|x - tnl'e-*^) < v(z n ) + C\z n - t n \ q e - kd ^ < v(t n ). 

\x\<S, xGfi 
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Let y n ^ t n be some point in B(0, 6)(~)Q on which the minimum is achieved. Passing 
to the limit as n goes to infinity, t n goes to and, up to subsequence, y n converges 
to some y S B(0, S) (~l O. By the lower semicontinuity of v and the fact that is a 
local minimum of v(x) + C\x\ q e~ kd ^ we have 

v(0) < v(y) + C\y\ q e~ kd ^ < liminf (v(y n ) + C\y n \ q e~ kd ^) 7 

n^-j-oc 

and using that v(0) + C\t n \ q e~ kd ^ > v(y n ) + C\y n - t n \ q e - kd( - v ^ , one has 
«(0) > limsup(«(z/„) + C|t/„|"e- fed ^)). 

n~ *-\-oq 

Then 

«(0) = v(y) + C\y\ q e~ kd ^ = lim (v(y n ) + C\y n \ q e - kd ^). 

n — >+oo 

Since is a strict local minimum of v(x) + C\x\ q e~ kd ^ x \ the last equalities imply 
that y = and v(y n ) goes to v(0) as n — ► +oo. Then for large n, y n is an interior 
point of B(0, 8) so that the function 

<p(x) = v(y n ) + C\y n - t n \ q e~ kd ^ - C\x - t n \ q e~ kd ^ 

is a test function for v at y n . Moreover, the gradient of ip 

Dip(x) = -Cq\x - t n \ q - 2 e- kd ^(x - t n ) + kC\x - t n \ q e- kd ^Dd(x) 

is different from at x — y n for small S, indeed 

\D<p(Vn)\ > C\y n -t n \"- 1 e- kd ^\q-k\y n -t n \) > C\y n -t n \ q ~ l e ' kd ^ (q-2kS) > 0. 
Using (|2.2[) . if y n 6 <9f2 we have 

(Dip{y n ), rt(y n )) < C\y n - t n \ q - k) < 0, 

since k > q/(2r). Then we conclude that 

tr (<r(D(p(y n ))D 2 ip(y n )) + b(y n ) ■ Dip(y n ) - 0{v(y n )) < g(y n )- 

Observe that D 2 ip(y n ) = \y n — t n \ q ~ 2 M, where ¥ is a bounded matrix. Hence, 
from the last inequality we get 

C \y n -tn\ q ~ 2 - P(v(y n )) < g(y n ), 

for some constant Cq. Passing to the limit, since (3 and g are upper semicontinuous 
we obtain 

-0MO)) < 5(0), 

which is the desired conclusion. □ 

We conclude sketching the proof of Theorem 14.11 
Proof of Theorem 14.11 Suppose by contradiction that max^u — v) — m > 0. 
Since u < v on the boundary, the supremum is achieved inside Q. Let us define for 
j G N and some q > 2 

j 

ip(x,y) = u(x) - v(y) - - a: - y\ q . 

q 

2 

Suppose that (xj,yj) is a maximum point for ip in Q . Then \xj — yj\ — » as 
j — > +oo and up to subsequence Xj,yj — > x, u(xj) — > u(x), v(yj) — > v(x) and 
j|xj — yj\ q — > as j — > +oo. Moreover, x is such that m(x) — u(x) = m and we can 
choose Xj ^ j/j. Recalling by Remark ECU that the estimate (|3.ip holds in f2, we 
can proceed as in the proof of Theorem 14.81 to get 

— c(x)u(x) < —c(x)v(x). 

This is a contradiction since c(x) < 0. □ 
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4.3. The Maximum Principle for c(x) changing sign: an example. In the 

previous subsections we have proved that Aoo + b(x) ■ D + c{x) with the Neumann 
boundary condition satisfies the maximum principle if c(x) < or without condition 
on the sign of c(x) provided A > 0. In this subsection we want to show that these 
two cases do not coincide, i.e., that there exists some c(x) which changes sign in 
such that the associated principal eigenvalue A is positive. To prove this, by 
definition of A, it suffices to find a function c(x) changing sign for which there 
exists a bounded positive supcrsolution of 

{AooV + b(x) ■ Dv + (c(x) + X)v = in ft 
— => = on oil, 

On 

for some A > 0. For simplicity, let us suppose that 6 = and O is the ball of center 
and radius R. We will look for c such that: 



c(x) < if R-e< \x\ <R 

Nil; {c(x)<-0! iip<\x\<R-e 

c(x)<fo if |ar|<p, 

where < p < R — e and e, [3\, 02 are positive constants. Remark that in the 
ball of radius p, c(x) may assume positive values. Following [21j . it is possible to 
construct a supersolution of (|4.10|) if e is small enough and 

k 2 e- k P 

^ 2< !(^-p) + Mlb) + i-^' 

for some k > 0. From the last relation we can see that choosing k — - the term 
on the right-hand side goes to +oo as p — > + , that is, if the set where co(x) is 
positive becomes smaller then the values of co(x) in this set can be very large. On 
the contrary, for any value of k, if p — » R~ then /?2 goes to 0. Finally for any k if 
j3i — » + , then again /3 2 goes to 0. 

5. Some existence results 
This section is devoted to the problem of the existence of a solution of 

AqoM + b(x) ■ Du + (c(x) + X)u = q(x) in £1 

(5-1) { du 

— - = on Oil. 

. O n 



The first existence result for (|5.ip is obtained when A = and c < 0, via Perron's 
method. Then, we will prove the existence of a positive solution of (|5.1[) when g is 
non-positive and A < A (without condition on the sign of c). These two results will 
allow us to prove that the Neumann problem (15. 1| is solvable for any right-hand side 
if A < A. Finally, we will prove the existence of a positive principal eigenfunction 
corresponding to A, that is a solution of (|5.ip when g = and A = A. 

Comparison results guarantee for (|5.ip the uniqueness of the solution when c < 
and when A < A and g < or g > 0. 

Theorem 5.1. Suppose that c < and g is continuous on Q. If u £ USC(Q) and 
v G LSC(Q) are respectively viscosity sub and supersolution of 

AqoU + b{x) • Du + c(x)u = g(x) in fl 

(5 ' 2) < du n 

— — = on Oil, 

. o n 
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with u and v bounded or v > and bounded, then u < v on Q. Moreover (|5.2p has 
a unique viscosity solution. 

Proof. We suppose by contradiction that maxjy(ii — v) = m > 0. Repeating the 
proof of Theorem 14.81 taking v as w, we arrive to the following inequality 

— c(z)u(z) < — c(X)u(X), 

where z G f2 is such that u(z) — v(z) — m > 0. This is a contradiction since 
c(z) < 0. 

The existence of a solution follows from Perron's method of Ishii, see e.g. [9], 
and the comparison result just proved, provided there is a bounded subsolution and 
a bounded supersolution of (|5.2p . Since c is negative and continuous on f2, there 
exists Co > such that c(x) < — c for every x G Then 

Moo Iffloo 

Ui := , u 2 := 

Co c 

are respectively a bounded sub and supersolution of (|5.2[) . 
Define 

u(x) := swp{ip(x)\ u\ < (p < u 2 and ip is a subsolution of (15. 2j) }, 

we claim that u is a solution of (15. 2|) . We first show that the upper semicontinuous 
envelope of u defined as 

u*(x) :— lim sup{ti(y) : y <E and \y — x\ < p} 

p|0 

is a subsolution of (|5.2[) . Indeed if (p, X) G J 2 ' + w(a;o) and p ^ then by the 
standard arguments of the Perron's method it can be proved that tr(a(p)X) + 
b(xo) ■ p + c(xo)u(xo) > g(xo) if xo G O and (— tx(a(p)X) — b(xo) ■ p — c(x )u(xo) + 
g(x )) A (p, n*(a;o)} < if x G cXL _ 

Now suppose u* = k in a neighborhood of x G f2. If x G 3f2 clearly u* 
is subsolution at xq. Assume that xq is an interior point of ft. We may choose 
a sequence of subsolutions (ip n )n and a sequence of points (x n ) n in O such that 
x 7l — * a^o and </?„(;e„) — > A:. Suppose that \x n — xq\ < a n with a n decreasing to as 
n —> +oo. If, up to subsequence, ip n is constant in B(xq, a n ) for any n, then passing 
to the limit in the relation c(a; n )(^ n (i n ) > g(x n ) we get c(xo)k > ff(a:o) as desired. 
Otherwise, suppose that for any n ip n is not constant in B(xQ,a n ). Repeating the 
argument of Lemma 14.101 we find a sequence {{t n ,yn)}nen C ti 1 and a small 5 > 
such that |t„-x | < a„, |y„-cco| <S,t n ^ y n , ip n {x)-\x-t n \ q < if„{y n )-\yn-t„\ q 
for any x G -B(a;o,(5), with q > 2 and w* = fc in B(xo 7 5). Up to subsequence 
2/n B(xq, 5) as n — > +oo. We have 

fc = lim (v?„(a; n ) - |x„ - t„| 9 ) < liminf(^ n (y„) - \y n - t n \ q ) 

n—>+oc n — » + oo 

< limsup(ip n (y n ) - \y n - t n \ q ) < k - \y - x a \ q . 

n — >+oo 

The last inequalities imply that y = xq and p n (yn) — > k. Then, for large n, y n 
is an interior point of B(xq,5) and <fi n (x) := <p n (y n ) — \y n — t n \ q + \x — t n \ q is 
a test function for ip n at y n . Passing to the limit as n — > +oo in the relation 
Aoo^ n (y n ) + b(y n ) ■ D(j> n (y n ) + c(y n )cp n (y n )) > g{y n ), we get again c(x )k > g(x ). 
In conclusion u* is a subsolution of (|5.2p . Since u* < u 2 , it follows from the 
definition of u that u = u* . 

Finally the lower semicontinuous envelope of u defined as 

u*(x) :— lim inf{u(y) : y G f2 and \y — x\ < p} 

plQ 

is a supersolution. Indeed, if it is not, the Perron's method provides a viscosity 
subsolution of (|5.2[) greater than u, contradicting the definition of u. If = k in a 



20 



STEFANIA PATRIZI 



neighborhood of xq G f2 and c(xo)k > g(xo) then for small 5 and p, the subsolution 
is 



us, P (x) 



max{it(x), k + ^% 5jrc — xo| 2 } if \x — xq\ < p, 



8 

u(x) otherwise. 

Hence u* is a supersolution of ()5.2|1 and then, by comparison, u* = u < it, , showing 
that u is continuous and is a solution. 

The uniqueness of the solution is an immediate consequence of the comparison 
principle just proved. □ 

Theorem 5.2. Suppose g G LSC{Ti), ft G USC(U), ft < 0, ft < g and g(x) > 
if h{x) = 0. Let u € USC(fl) be a viscosity subsolution of (|5.1[) and v G LSC(fl) 
be a bounded positive viscosity supersolution of (|5.1[) with g replaced by ft. Then 
u < v on Q. 

Remark 5.3. The existence of a such v implies A < A. 

Proof. It suffices to prove the theorem for h < g. Indeed, for I > 1 the function Iv 
is a supersolution of (|5.1| with right-hand side lh(x) and by the assumptions on h 
and g, Ih < g. If u < Iv for any / > 1, passing to the limit as I — > 1 + , one obtains 
u < v as desired. 

Hence we can assume h < g. By upper semicontinuity Taax^(h — g) = —M < 0. 
Suppose by contradiction that u > v somewhere in fi. Then there exists y G £1 
such that 

, u(y) u(x) 
7 := -7=7 = max -j-^- > 1. 

v{y) xen u(a;J 

Define w = jv for some 1 < 7 < 7'. Since ft, < and 7 > 1, 7/1 < /i and then 
w is still a supersolution of (|5.ip with right-hand side ft. The supremum of it — w 
is strictly positive then, by upper semicontinuity, there exists x G f2 such that 
— = maxjy(u — iu) > 0. We have u(x) > w(x) and w(x) > yu(x). 



Repeating the proof of Theorem 14. 8[ we get 

g(z) - (A + c(z))u(z) < h(z) - (A + c(z))w(z), 

where z is some point in Q where the maximum of u — w is attained. If A + c(z) < 0, 
then 

-(A + c{z))u{z) < h(z) - g(z) - (A + c{z))w{z) < -(A + c(z))u(z), 
which is a contradiction. If A + c(z) > 0, then 

-(A + c{z))u(z) < h(z) - g(z) - (A + c(z))^-u(z). 

7 

If we choose 7 sufficiently close to 7' in order that 

fl \ M 
|A + c|oo — ■ - 1 rnaxw > — — , 

\7 J Q 2 
we get once more a contradiction. □ 

Theorem 5.4. Suppose that \ <\, g<0, g^0 and g is continuous on fl, then 
there exists a positive viscosity solution of (|5.ip . If g < 0, the solution is unique. 

Proof. We follow the proof of Theorem 7 of [7] . 

If A < — |c|oo then the existence of the solution is guaranteed by Theorem 15.11 
Let us suppose A > — and define by induction the sequence (w„)„ by u\ = 
and u n+ \ as the solution of 

■ooUn+i + b( x ) ' Du n+ i + (c(x) - \c\oo - l)u n+1 = g - (A + |c|oo + l)u n in Q 
dUn+l 



d n 



= on dfl, 
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which exists by Theorem 15.11 By the comparison principle, since g < and g ^ 
the sequence is positive and increasing. 

We claim that (u n ) n is also bounded. Suppose that it is not, then dividing by 
|Mn+i|oo and defining v n := Ur t one gets that t>„+i is a solution of 



AooVn+i + b(x) ■ Dv n+1 + (c(x) - |c|oo - l)v n+1 

(A+lcU + 1) , M " in ft 

<9i>„+i 



on 9ft. 

a n 

By Corollary 13.41 {v n ) n converges to a positive function v with ujoo = 1, which 
satisfies 

' Aoo-y + b[x) ■ Dv + (c(x) + X)v 

= (A+ |c|oo + 1)(1 - k)v > in ft 

-=» =0 on oft, 

a n 

where k := lim n ^ +oc rp^jjj < 1- This contradicts the maximum principle, Theo- 
rem 

Then (u„)„ is bounded and letting n go to infinity, by the compactness result, 
the sequence converges to a function u which is a solution. Moreover, the solution 
is positive on ft by the strong minimum principle, Proposition 14. 21 

If g < 0, the uniqueness of the solution follows from Theorem 15.21 □ 

Remark 5.5. Clearly, since the operator Aoo is odd, by Theorem 1 5. 41 there exists 
a negative solution of (|5.1[) for A < A and g > 0, g ^ 0, which is unique if g > 0. 

Theorem 5.6. Suppose that A < A and g is continuous on ft, then there exists a 
viscosity solution of (|5.1|) . 

Proof. If g = 0, by the maximum principle the only solution is u = 0. Let 
us suppose (/^O. Since A < A by Theorem 15.41 there exist vq positive viscosity 
solution of (|5.1[) with right-hand side — \g\oo and uq negative viscosity solution of 
(|5.ip with right-hand side |<?|oo- 

Let us suppose A + |c|oo > 0. Let (u n ) n be the sequence defined in the proof of 
Theorem 15.41 with u\ = uq, then by comparison Theorem 15.11 we have uq = u\ < 
u-2 < ... < vq. Hence, by the compactness Corollary 13.41 the sequence converges to 
a continuous function which is the desired solution. □ 

Theorem 5.7 (Existence of principal eigenfunctions). There exists <fi > on ft 
viscosity solution of 

A oo + 6(a:) • D<j)+ (c(x) + \)(j> = in ft 

d( t ) n an 
—=> =0 on oil. 

. o n 

Moreover (f> is Lipschitz continuous on ft. 

Proof. Let A„ be an increasing sequence which converges to A. Let u n be the 
positive solution of (|5.1[) with A = A„ and g = — 1. By Theorem 15.41 the sequence 
(u n ) n is well defined. Following the argument of the proof of Theorem 8 of [7], it 
can proved that it is unbounded, otherwise one would contradict the definition of A. 
Then, up to subsequence |w„|oo - * +oo as n — > +oo and defining v n := r^j one 
gets that v n satisfies (|5.ip with A ~ A„ and g = — — . Then by Corollarv l3.41 we 
can extract a subsequence converging to a positive function 4> with l^loo = 1 which 
is the desired solution. By Theorem 13.11 the solution is also Lipschitz continuous 
on ft. □ 
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6. A DECAY ESTIMATE FOR SOLUTIONS OF THE EVOLUTION PROBLEM 

In this section we want to study the asymptotic behavior as t — » +00 of the 
solution h{t, x) of the evolution problem 

{h t — Aooh + c(x)h in (0, +00) x ft 

■S = on [0, +00) x an 
On 

h(0, x) = ho(x) for igfi, 

where ho is a continuous function on SI. As in [16] and in [17] we use the semi- 
continuous extensions of the function (p,X) — ► tr(a(p)X) to define the viscosity 
solutions of (|6.1[) . For X £ S(N), let us denote its smaller and larger eigenvalue 
respectively by m(X) and M(X), that is 

m(X) :=mm(X£,0, 
M(X) := max{X£,Q. 

Definition 6.1. Any function u £ USC([0, +00) x ft) (resp., u £ i5C([0, +00) x 
ft),) is called viscosity subsolution (resp., supersolutionj of (|6.ip if for any x £ ft, 
w(0,a;) < ho(x) (resp., u(0,x) > ho(x)) and if the following conditions hold 

(i) For every (to^o) £ (0, +00) x ft, /or a// 99 £ C 2 ([0, +00) x ft), such that 
u — ip has a local maximum (resp., minimum) at (to,xo), one has 

<ft(to,xo)<A 00 (p(t ,xo) + c(xo)u(to,x )(resp., >) ifDtp(t ,x ) ^ 0, 
Vt(t ,x ) < M(D 2 ip(t ,x )) + c(x Q )u(to,x ) if Dcp(t ,x ) = 

(resp., ip t (t ,x ) > m(D 2 ip(t ,x )) + c(x )u(t ,x )). 

(ii) For every (t , x ) £ (0, +00) x 9ft, for all ip £ C 2 ([0, +00) x ft), such that 
u — tp has a local maximum (resp., minimum) at (io,^o) and D(p(tg, xq) ^ 0, 
one has 

(ip t (t ,x ) - A oo (^(i , x ) - c(x )u(t , x )) A (Dip(t ,x ), r?(xo)) < 0. 
('resp., 

((p t {t ,x ) - Aoo^o, x ) - c(x )w(to, £0)) V (D(p(t , x ), ~n(xo)) > 0.) 

Remark that if (to,xo) £ (0, +00) x 9ft and Dip(to,xo) — 0, then the boundary 
condition is satisfied. 

We will show that if the principal eigenvalue of the stationary operator associa- 
ted to l|6.ip is positive, then h decays to zero exponentially and that the rate of 
the decay depends on it. Let A and v be respectively the principal eigenvalue and 
a principal cigenfunction, i.e., v is a positive solution of 

AooV + (c(x) + X)v = in ft 
dv 

■= = on 9ft. 

. on 

Proposition 6.1. Let h £ C(ft x [0, +00)) be a solution of (|6.1|) then 

,„„ . h(t,x)e Jt ht(x) 

(6.2) sup K ' \ <sup^-Y ; 

nx[o,+oo) v(x) n v(x) 

where = m&x{ho,0} denotes the positive part of ho. 
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Proof. It suffices to prove that, fixed A < A 



h(t,x)e xt h+(x) 
sup V ' \ <sup^-Y, 
[o,T)xn v(x) n v{x) 



for any T > 0. This implies that 

h(t,x)e xt ht(x) 
sup V ' / <sup-QpY, 
[o,T) X n n v(x) 

for any T > and consequently ()6.2|) . Let us denote H(t,x) = h(t,x)e xt , it is easy 
to see that H (t, x) satisfies 

H t = A X H + (c(x) + X)H in[0,+oo)xft 

a tt 

(6.3) { — ^ = on [0, +oo) x «9fi 
H(0, x) = h (x) for x E 0. 

Suppose by contradiction that there exists T > such that 

,n / h(t,x)e xt ht(x) - „ 

(6.4) 7' := sup v ', ; — > sup -^tV =:h>0. 

[o,T)xo "(x) n u(ar) 

Let us denote u> = "fv, where 

h < 7 < 7' 

and 7 is sufficiently close to 7' in order that 

A— — A 

(6-5) -f-^ > \c\oo. 

7' 

Since 7 < 7', the function H — w has a positive maximum on [0, T] x Q. 
Fix q > 2, fc > #■ and e > small, for j e N we define the function 

x, s , y) = (^|x - y\" + l\t- s| 2 ) e -M«*(*)+«*(v)) + _J_ 

and we consider the supremum of 

#(i,x) - w(y) - cj)(t,x,s,y) 

over ([0, T) x f2) 2 . Let (tj,Xj,Sj,yj) be a point in (fi x [0, T)) 2 where the maximum 
is attained. From 

H(tj ,xj)- w(yj ) - 4>{t 3 , xj , ^ , yj) < H{t 3 , Xj )- w(yj ) - 4>{t 3 , Xj , s 3 , % ) 
we deduce that 

= s j- 

Let (f, x) s [0, T[xfl be such that H(t, x) — w(x) = I > 0, then for e small enough 
we have 

Since — » +00 as t | T, the previous inequality implies that, up to subsequence 
(tj, Xj, yj) — > (i, x, x) as J — » +00 with t < T and that 

(6.6) ff(i,x) - w(x) > 0. 
Moreover 

lim -|xj -j/j-l* = 0, 

and from (|6 .4|) we deduce that 

(6.7) w(x) > —lift, 5). 

7 
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Finally, since 7 > h, it is t > 0. Hence for j large enough, < tj < T. 
As in Theorem 14.81 the following holds true. 
Claim For j large enough, we can choose Xj 7^ yj . 
Indeed, suppose that Xj — yj, then (tj,Xj) is a maximum point for 

U(t, x) := H(t, x)~Y-j,- e- kd ^ > Q \x - Xj |* + \ \t - tj | 2 ) e~ kd ^ , 

and a minimum point for 

W(t,x) := w(x) + e- M( - x ^ U\x - x 3 \ q + 3 -\t - tj\A e - kd(x l 

We prove that (t j , Xj ) is not both a strict local maximum and a strict local 
minimum. Indeed, in that case, if H (t, x) — -^—^ is not locally constant around 
(tj,Xj), following the proof of Lemma 14.101 we can construct sequences (t n ,x n ) n , 
{s n ,y n ) n converging to (tj,Xj) asrn +00, such that (t n ,x n ) ^ (s n ,y n ) and 

p (t> x) := c + \t^Dj e -w(-) + _J_ + H (fln> yn) 



I \yn — X n \ \t>n — L n\ \ ^-kd(y„) 



T - s n \ q 

is a test function for H(t,x) at (s n ,y n ), where C = je~ kd ( Xj \ If y n £ then 

.„ Jfe, 







[G- 


2r J 



2 I ™ tn 



> 0. 



{Dip(s n ,y n ), n (y n )) > C 

Then D(p(s n , y n ) 7^ and by definition of subsolution 

„ +Ce- kd ^\s n -t n ) < A 00 (( y5 (s„,?/„)) + (c{y n ) + X)H(s n ,y n ). 

\-L Sri) 

If y n is an interior point and Dip(s n ,y n ) 7^ 0, then again the previous inequality 
holds true, otherwise if DLp(s n ,y n ) — 0, we have 

" r- 2 + Ce~ kd ^\s n - t n ) < M(D 2 y(s n ,y n )) + (c(y„) + X)H(s n ,y n ). 

Passing to the limit as n — > +00, from both the previous relations we get 

(r _ £ tj)2 < (c(^) + A)iffe,^-). 

By definition of subsolution, we get the same inequality if H(t, x) — is locally 
constant around (tj,Xj). 

Proceeding in the same way, if either w is locally constant around Xj or not, 
since (tj, Xj) is a strict local minimum of W(t, x), we get 

(c(xj) +X)w(xj) < 0. 

Then, passing to the limit as j — > +00, we finally obtain 

(6.8) (c(x) + X)w(x) < < (c(x) + X)H(t, x), 

which contradicts (|6.5[) . (|6.6[) and (|6.7p . 

Hence (tj , Xj ) cannot be both a strict local maximum and a strict local minimum. 
In the first case, there exists (sj,yj) 7^ (tj,Xj) such that 

H(sj, yj ) - w( X j) - [l\xj Vj \* + 3 -\tj Sj \^ e-m^)) 

= H(tj,Xj) -w( Xj ) - 6 = sup (H(t,x)-w(y)-<p(t,x,s,y)). 

1 ~ h ([0,T)xO) 2 

As before we get that Sj = tj, then Xj 7^ yj and this concludes the claim. 
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From the claim we deduce that D x cj>(tj,Xj,tj,yj) and D y <f>ltj,Xj,tj,yj) are dif- 
ferent from 0. Moreover there exist Xj, Yj G S(N) satisfying (14. 9j) such that 

( ( T _ e tj -)2 » D x(f>(tj,Xj,tj, yj),Xj^ G V 2 ' + H(tj,Xj) and i l)„o\l ,. .r,.l .. y ,).),> G 

J 2, ~w(yj). Now we can proceed as in the proof of Theorem [48] to obtain (|6.8p and 
hence to reach a contradiction. 

□ 
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